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a b s t r a c t

We used an extension of the Variable Material Property method for materials with varying elastic and
plastic properties to evaluate the residual stresses in an autofrettaged thick vessel made of functionally
graded metal–ceramic composite. It is shown that the reinforcement of the metal vessel by ceramic
particles, with an increasing ceramic volume fraction from inner to outer radius, increases the magnitude
of compressive residual stresses at the inner section of an autofrettaged vessel and thus, could lead to
better fatigue life and load-carrying capacity of the vessel. A parametric study is carried out to highlight
the role of ceramic particle strength and spatial distribution, as well as the autofrettage pressure on the
induced residual stresses in a thick vessel.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally graded materials (FGMs) are novel materials
which are used in a broad array of applications that range from
aerospace structures and cutting tools to electronics and biomed-
ical engineering [1–3]. FGMs, while offering the advantages of
composites, avoid the negative effects of abrupt changes in the
material constituent due to their unique composition. Here, we
explore a new application of FGM for designing autofrettaged
vessels. Autofrettage is a process in which compressive residual
stresses are induced in a vessel by applying an internal pressure
to the vessel that is well beyond its normal service pressure [4–6].
The induced compressive residual stress leads to enhancement of
the fatigue life and load-carrying capacity of the vessel [7–10].
The performance of the autofrettaged vessel mainly depends on
the magnitude of the residual compressive stress, which for metal
vessels is limited by the plasticity of the metal [11]. To overcome
this limitation, we propose to reinforce the metal vessel with ce-
ramic particles with a ceramic volume fraction that varies along
the vessel thickness. To analyze the residual stresses induced in
a composite vessel, we extended the Variable Material Property
(VMP) method developed by Jahed and Dubey [12] for materials
with varying elastic and plastic properties. In the VMPmethod, the
linear elastic solution of a boundary value problem is used as a ba-
sis to generate its inelastic solution. The material parameters are
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considered as field variables and their distribution is obtained as a
part of solution in an iterative manner. This method is generally
employed to homogeneous elastic–plastic materials [13–15]. In
this study, we have extended the application of the VMPmethod to
materials with varying elasto-plastic properties and demonstrated
its applications to calculate the residual stresses in an autofret-
taged FGM vessel.

2. Theoretical model

We assumed that the functionally graded metal–ceramic com-
posite is locally isotropic and yields according to the vonMises cri-
terion. For a cylinder, the material response of an infinitesimally
small element located at a distance x from its internal radius can
be represented by an elastic modulus, E(x), and Poisson ratio, ν(x)
and a curve that represents the plastic behavior of the element. The
component of strain tensor, εij, is the summation of the elastic part,
εeij, and plastic part, ε

p
ij . The elastic part is given as,

εeij =
1+ ν(x)
E(x)

σij −
ν(x)
E(x)

σkkδij (1)

where δij is the Kronecker delta and the plastic part of strain is
given by Hencky’s total deformation equation, εpij = φ(x, ε̄p)sij,
where sij = σij −

1
3σkkδij is the deviatoric stress, and φ is a scalar

function given by φ = 3
2
ε̄p

σeq
, where ε̄p and σeq are the equivalent

plastic strain and equivalent stress, respectively. Considering the
above relationships, the total strain in an element can bewritten as,

εij =

(
1+ ν(x)
E(x)

+ φ(x)
)
σij −

(
ν(x)
E(x)
+
1
3
φ(x)

)
σkkδij. (2)
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Fig. 1. (A) Schematic of a thick FGM vessel with internal radius R and thickness t . (B) Schematic of modified rule of mixtures used to estimate the behavior of ceramic
particle-reinforced metal composite.

To analyze FGM vessels using the extended VMPmethod proposed
here, we divided the FGM thick cylinder into thin strips (elements),
with an equivalent elastic modulus and a Poisson ratio denoted
by Eeq(x) and νeq(x), respectively, See Fig. 1(A). The components
of strain tensor in each element, ε∗ij , are,

ε∗ij =
1+ νeq(x)
Eeq(x)

σij −
νeq(x)
Eeq(x)

σkkδij (3)

where x denotes the distance of the center line of the strip from
the internal radius of the vessel. Based on the VMP method,
the element has elastic strain components equal to the total
strain components of the elasto-plastic element presented in
Eq. (2). Comparing Eqs. (2) and (3), the following relationships are
obtained:

Eeq(x) =
3E(x)

3+ 2E(x)φ(x)

νeq(x) =
3ν(x)+ E(x)φ(x)
3+ 2E(x)φ(x)

. (4)

Eliminating φ(x) from the above equations gives:

νeq(x) =
Eeq(x)(2ν(x)− 1)+ E(x)

2E(x)
. (5)

In order to evaluate the state of stress in the thick FGM vessel,
first, we estimate the state of stress in each element using Lamé’s
equations for a pressurized hollow cylinder [16] by assuming
Eeq(x) = E(x) and νeq(x) = ν(x). Based on Lamé’s equations, for
each strip located at x, the inside and outside displacements, ux and
ux+dx, are related to the inside and outside pressures, px and px+dx,
by:[
C11,x C12,x
C21,x C22

]−1 {
ux
ux+dx

}
=

{
px
px+dx

}
(6)

where for the plane strain condition:

C11,x =
1+ νeq(x)
Eeq(x)

(R+ x)3

(R+ x+ dx)2 − (R+ x)2

×

(
1− 2νeq(x)+

(R+ x+ dx)2

(R+ x)2

)
C12,x = −2

(1− ν2eq(x))

Eeq(x)
(R+ x)(R+ x+ dx)2

(R+ x+ dx)2 − (R+ x)2

C21,x = −2
(1− ν2eq(x))

Eeq(x)
(R+ x)(R+ x+ dx)2

(R+ x+ dx)2 − (R+ x)2

C22,x =
1+ νeq(x)
Eeq(x)

(R+ x+ dx)3

(R+ x+ dx)2 − (R+ x)2

×

(
(1− 2νeq(x))+

(R+ x)2

(R+ x+ dx)2

)
. (7)

Considering that the elements’ deformation satisfy the require-
ments of equilibrium and compatibility at their boundary in both
radial and axial directions (e.g. for plane stress condition: equal in-
terface pressure, radial compatibility, uniform axial deformation
and zero total axial force), one can obtain the state of stress in the
vessel from the characteristic relations between pressure and dis-
placement for each element. Once the state of stress in the vessel
is obtained, Eeq(x) is updated for each element based on the calcu-
lated equivalent stress by using the projection method [12]. Then,
the effective Poisson ratio for each element, νeq(x), is obtained us-
ing Eq. (5). In the next step, the state of stress in each element
is re-calculated from Eqs. (6) and (7) using the updated values of
effective elastic modulus and effective Poisson ratio. This proce-
dure is continued until the convergence to the stress solution is
achieved. The numerical procedure gives an estimate of the elasto-
plastic stresses in the FGM vessel due to loading.
The problem under study requires also finding the unloading

solution of the FGM vessel. The unloading solution is analogous
to loading with each element having its own nonlinear unloading
behavior which depends on the element equivalent stress at the
onset of unloading and material hardening behavior (e.g. isotropic
hardening or kinematic hardening). Once the loading and unload-
ing stresses are calculated based on the method outlined above,
the residual stress field can be estimated by superposing the stress
fields associated with loading and unloading solutions.

3. FGMmechanical behavior

The above analysis requires having the uniaxial stress–strain
curves of the metal–ceramic composite with different ceramic
volume fractions. Here, we assume that the metal has bilinear
elastic–plastic behavior shown in Fig. 1(B), with elastic modulus,
Em, tangent modulus, Hm and yield stress under uniaxial loading,
σmy . The ceramic is assumed to have linear elastic behavior as
shown schematically in Fig. 1(B) with the elastic modulus Ec . The
elastic modulus of the metal–ceramic composite, Ecomp, the overall
flow strength of the composite corresponding to the onset of
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Fig. 2. Comparison with the finite element method. The results show the residual
stresses in an autofrettaged vessel with f0 = 0.8 and n = 1 subjected to auto-
frettage pressure 100 MPa. In this calculation, Ec = 20 GPa. The vessel has t/R = 1
and plane-strain condition.

plastic yielding, σ compy and the tangent modulus of the composite,
Hcomp, which represents its strain hardening behavior, can be
calculated using the modified rule of mixture for composites [17]
— See Fig. 1(B),

Ecomp =
[
(1− f )

(
q+ Ec
q+ Em

)
+ f

]−1
×

[
(1− f )Em

(
q+ Ec
q+ Em

)
+ fEc

]
σ compy = σmy

[
(1− f )Em

(
q+ Em
q+ Ec

)
·
Ec
Em
· f

]
Hcomp =

[
(1− f )

(
q+ Ec
q+ Em

)
+ f

]−1
×

[
(1− f )Hm

(
q+ Ec
q+ Hm

)
+ fEc

]
(8)

where f denotes the volume fraction of the ceramic particles and
q is the ratio of stress to strain transfer, which is a parameter that
defines the metal/ceramic composite behavior [17].
In this study, the ceramic particle reinforcement is assumed to

have a volume fraction that varies from 0 at the inner surface to f0
at the outer surface according to the, following relationship:

f (x) = f0
(x
t

)n
(9)

where f (x) is the reinforcement volume fraction and t is the
thickness of the vessel. In this case, f0 = 0 denotes a metal vessel
and n = 0 denotes uniformly-reinforced metal–ceramic vessel.
In all the calculations presented here, the metal component of

the FGM has Em = 56 GPa, Hm = 12 GPa, σmy = 106 MPa and
the Poisson ratio is assumed to be constant and equal to 0.25 [18].
The elastic modulus of the ceramic component of FGM is varied
systematically between ∼5 GPa and 560 GPa (i.e. 0.1 < Ec/Em <
10) with constant Poisson ratio 0.25. The value of q is taken
as 17.2 GPa based on the micro-indentation experiments by Gu
et al. [18]. Furthermore, for calculating the loading and unloading
solutions of the thick vessel during the autofrettage process, we
assumed that themetal–ceramic composite demonstrates isotropic
hardening behavior.

4. Results

To establish the validity of our numericalmethod,we compared
the results of our analysis to the results obtained from finite
element method. A finite element model of a vessel subjected to
internal pressure was constructed using commercially available
software, ANSYS. In the finite element model, the vessel was
divided to twenty cylindrical layers (strips) with equal thickness.
It was assumed that each layer has a constant elastic modulus,
tangent modulus and yield stress, which were calculated based
on the volume fraction of the ceramic at the center of the layer
using Eq. (9). The model was meshed using two-dimensional, 8-
node quadrilateral elements and mesh sensitivity analysis was
performed to assure that the results are not sensitive to the
element size.We also checked that increasing the number of layers
through the thickness of the vessel does not yield any considerable
change in the results. In Fig. 2,we compared a set of results from the
finite element calculations obtained for the plane strain condition
and the developed numerical method for a FGM vessel subjected
to autofrettage pressure 100 MPa. The results indicate that the
developed numerical method is capable of calculating residual
stresses in an autofrettaged vessel with high fidelity.
We used the developed model to study the residual stresses

in an autofrettaged FGM vessel with various ceramic particle re-
inforcement distributions. All the results are presented for the
plane strain condition (vessels with two fix ends). Fig. 3(A) shows
the distribution of residual hoop stresses along the thickness of a
uniformly-reinforced metal–ceramic vessel (n = 0) with inner ra-
dius/outer radius = 2 and subjected to autofrettage pressure 300
MPa. The magnitude of residual stresses significantly decreases as
the volume fraction of the ceramic particles, denoted by f0, is in-
creased. Note that an all-ceramic vessel does not have any residual
stresses, since the ceramic behavior is assumed to be elastic — see
Fig. 1(A). Fig. 3(B) shows the distribution of residual hoop stresses
in a FGM vessel with n = 0.5 and different reinforcement dis-
tribution coefficients, f0 subjected to an autofrettage pressure 300
MPa. The induced residual hoop stress in the FGM vessels is signifi-
cantly higher than residual stresses in a metal vessel or uniformly-
reinforced metal–ceramic vessel, Fig. 3(A) and (B). Even small
volume fractions of ceramic reinforcement with an increasing dis-
tribution through the thickness (e.g. f0 = 0.2) can effectively el-
evate the level of compressive residual stress at the inner part
of the vessel. This result can be explained considering that the
outer part of a FGM vessel undergoes less plastic deformation and
deforms more elastically compared to a metal vessel as the aut-
ofrettaged pressure is applied. During unloading, the outer part
compresses the inner part of the vessel, resulting in an increase
in the residual hoop stresses at the inner part of the vessel.
We have performed a parametric study to quantify the role

of ceramic particle distribution constants (i.e. f0 and n) on the
induced residuals hoop stresses. The results are summarized in
Fig. 3(C) and (D), where γ = (residual hoop stress at the inner
surface of FGM vessel)/(residual hoop stress at the inner surface
of counterpart metal vessel) at the same autofrettage pressure.
A FGM vessel with low reinforcement distribution exponent,
n < 0.04, has γ < 1, with the value of γ decreasing by in-
creasing the ceramic the reinforcement distribution coefficient,
f0. FGM vessels with higher reinforcement distribution exponent
(i.e. n > 0.04) have γ > 1 with the value that monotonically
increases by increasing f0. The dependence of the residual stress
on the reinforcement distribution exponent is further quantified
in Fig. 3(D) for different reinforcement distribution coefficients.
Increasing the reinforcement distribution coefficient from zero
results in an increase in the residual compressive stress at the inner
surface of the vessel till n ∼ 0.6 in the range studied here, with the
maximum γ = 4.2 for f0 ∼ 1. However, further increase of the
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Fig. 3. Residual hoop stress in an autofrettaged metal–ceramic vessel. (A) Residual hoop stress of a uniformly-reinforced vessel (n = 0) with different reinforcement
distribution coefficients, f0 . (B) Residual hoop stress of a FGM vessel with n = 0.5 for different f0 . (C) γ versus f0 for different reinforcement distribution exponents.
(D) γ versus the reinforcement distribution exponent for different f0 . The results show that γ reaches its maximum value around n ∼ 0.6 independent of f0 . In this set of
calculation, Ec = 80 GPa. The vessel has t/R = 1 and is subjected to autofrettage pressure 300 MPa.
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Fig. 4. Effect of ceramic particle stiffness. (A) Residual hoop stress along the thickness of a metal vessel and two FGM vessels reinforced with ceramic particles with two
different elastic moduli. (B) Residual hoop stress at inner surface of the vessel versus the relative stiffness of the ceramic particles and metal component, Ec/Em for f0 = 0.8
and different reinforcement distribution exponents, n. In this set of calculation, the vessel has t/R = 1 and is subjected to autofrettage pressure 300 MPa.

reinforcement distribution coefficient results in a decrease in γ .
Moreover, the induced stress is still significantly higher than the
residual stress of the counterpart metal vessel.
The effect of reinforcing particle elastic modulus on the distri-

bution of residual hoop stresses along the thickness of a FGM ves-
sel is shown in Fig. 4(A). In this particular example, reinforcement
of a FGM vessel with ceramic particles with lower elastic modu-

lus results in an increases in the value of the residual compressive
stresses. To further quantify the role of ceramic particle stiffness on
the residual stresses induced in the FGM vessel by the autofrettage
process, we have varied the elastic modulus of the ceramic bet-
ween 5.6 GPa and 560 GPa (i.e. 0.1 < Ec/Em < 10). The results
of our parametric study are displayed in Fig. 4(B) for different re-
inforcement distribution exponents, n. The value of Ec/Em which
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Fig. 5. Effect of autofrettage pressure. The results are shown for a metal vessel and
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various reinforcement distribution coefficients and exponents. In this calculation,
Ec = 80 GPa and the vessel has t/R = 1 and is subjected to autofrettage pressure
300 MPa.

results in a maximum residual stress at the inner surface of the
vessel depends on n. For n > 1, the value of the induced residual
is less sensitive to the ceramic elastic modulus. It is notewor-
thy that the maximum value of residual stress ∼710 MPa for
n = 0.5 and Ec/Em = 0.1 is significantly higher than the max-
imum residual stress in the counterpart metal vessel, which was
∼75 MPa. It should be emphasized here that the induced resid-
ual stress distribution in a FGM vessel is a complex function of
metal and ceramic material properties and the autofrettage pres-
sure. For example, reinforcement of vessels with ceramic parti-
cles with Ec/Em < 1 reduces the elastic modulus of the ves-
sel, while increasing its yield strength. Depending on the mag-
nitude of autofrettage pressure and the reinforcement distribu-
tion exponent, the induced residual stresses could be either higher
or lower than a metal vessel counterpart. We also studied the
role of autofrettage pressure on the induced residual stresses in
a FGM vessel. Selected set of results are shown in Fig. 5 for a
wide range of autofrettage pressure and compared with the value
of residual stresses in a metal vessel (f0 = 0) and uniformly-
reinforcedmetal–ceramic vessels (n = 0). The results clearly high-
light another advantage of autofrettaged FGM vessels: The maxi-
mum possible value of the residual stress for metal and uniformly-
reinforced composite vessels is limited by the metal plasticity
and is independent of the autofrettage pressure (e.g. for a metal
vessel in this case, the maximum possible value of the residual
stress ∼75 MPa, which is achieved at the autofrettage pressure
∼100 MPa — further increase in the autofrettage pressure does
not increase the compressive stress). However, FGM vessels do not
exhibit such a limitation and the residual compressive stress at
the inner part of the vessel increases by increasing the autofret-
tage pressure. Finally, we investigated the effect of vessel thick-
ness on the residual hoop stresses induced in the autofrettage pro-
cess. Fig. 6 shows the residual hoop stress at the vessel inner sur-
face versus the vessel thickness normalized by its inner radius, t/R,
for three different vessels: f0 = 0 (all metal), f0 = 0.4, n = 0
(uniformly-reinforced metal–ceramic vessel), and f0 = 0.8, n = 1
(FGM). For all metal or uniformly-reinforced metal–ceramic ves-
sels, the maximum value of the compressive residual stress plot-
ted in Fig. 6 is achieved at to a critical thickness/radius, where the
vessel undergoes plastic deformation over its entire thickness at
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Fig. 6. Effect of vessel thickness. Residual hoop stress at the inner surface of
the vessel versus the normalized thickness of the vessel, t/R, for three different
ceramic distributions: f0 = 0 (all metal); f0 = 0.4 n = 0 (uniformly-reinforced
metal–ceramic vessel); f0 = 0.8 n = 1 (FGM). The results are plotted for two
autofrettage pressures 50 MPa and 100 MPa and Ec = 80 GPa.

a given autofrettage pressure. For t/R smaller than this pressure-
dependent critical thickness/radius ratio, the residual stress does
not increase by increasing the autofrettage pressure since the ves-
sel undergoes complete plastic deformation through its thickness.
It is also notable that for small values of autofrettage pressure
(e.g. 50 MPa in Fig. 6), the residual stress at the inner surface of
the vessel decreases by increasing t/R and reaches zero since no
yielding occurs in the vessel. However, at higher values of pres-
sure, an inner part of the vessel always deform plastically during
the loading phase of the autofrettage process, inducing resid-
ual stresses during the unloading phase regardless of the ves-
sel thickness. Moreover, for all metal and uniformly-reinforced
metal–ceramic vessels the residual hoop stress approaches zero
for small values of t/R due to the quasi-uniform distribution of
the stresses through the vessel thickness during the loading and
unloading phases. However, for a functionally graded vessel, the
residual hoop stress increases as t/R decreases.

5. Conclusion

We investigated the residual compressive stresses induced in
an autofrettaged vesselmadeof functionally gradedmetal–ceramic
composite by developing an extension of the Variable Material
Property method for materials with varying elastic and plastic
properties. Our analysis complements the previous results on elas-
tic and elasto-plastic analysis of FGM vessels [19–21], while al-
lowing systematic analysis of the residual stresses in autofrettage
vessels. The results of our work suggest that the reinforcement of
metal vessels with ceramic particles with an increasing volume
fraction through its radius – even in small quantities – increases the
compressive stresses induced by the autofrettage process. Since
the fatigue life and load-carrying capacity of autofrettaged ves-
sels depend on the induced residual stresses, functionally graded
materials can provide new opportunities for enhancing the per-
formance of autofrettaged vessels. Another potential advantage of
metal–ceramic FGM vessels is that the high ceramic content at the
outer surface of the vessel provides enhanced thermal and corro-
sion protection as discussed in [22,23]. It should be noted that the
parametric study presented here does not offer a general conclu-
sion for selecting the optimummaterial configuration of reinforced
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autofrettaged vessels. However, enough insight for selecting the
near-optimized reinforced configurations is provided.
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